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Introduction
Functionally Graded Materials (FGMs) [1] [2] [3] have been investigated and developed during past three decades. FGM is often a mixture of two distinct material phases: e.g. ceramic and metal with the variation of the volume fraction according to power law through the thickness. As a result, FGMs are enabled to inherit the best properties of the components, e.g. low thermal conductivity, high thermal resistance by ceramic and ductility, durability of metal. They are therefore more suitable to use in aerospace structure applications and nuclear plants, etc.
In order to use FGMs efficiently, a clear understanding of their behaviors such as deformable characteristic, stress distribution, natural frequency and critical buckling load under various conditions is required. Hence, investigation on property of FGM structure has been addressed since long time. For instance, Reddy [4] proposed an analytical formulation based on a Navier's approach using the third-order shear deformation theory and the von Kármán-type geometric non-linearity. Vel and Battra [5, 6] introduced an exact formulation based on the form of a power series for thermoelastic deformations and vibration of rectangular FGM plates. Yang and Shen [7] have analyzed the dynamic response of thin FGM plates subjected to impulsive loads. Cinefra et al. [8] investigated the response of FGM shell structure under mechanical load. Nguyen et al. [9] [10] [11] [12] studied the behaviors of FGM plates using numerical methods. Ferreira et al. [13, 14] performed static and dynamic analysis of FGM plate based on higher-order shear and normal deformable plate theory using the meshless local Petrov-Galerkin method. Tran et al. [15] studied the thermal buckling of FGM plate based on third-order shear deformation theory.
From the literature, these works are carried out for designing the FGM plate structures without the presences of cracks or flaws. However, during manufacturing the FGM or general plate structures may have some flaws or defects. In service, the cracks can be generated and grown from the defects under a cyclic loading. It is known that the cracks affect on the dynamic response and stability characteristics of the plate structures. They cause a reduction of the load carrying capacity of the plate structures. Therefore, various researches on dynamic behavior of cracked plates become more necessary for engineers and designers.
Vibration of cracked plates was early studied in 1967 by Lynn and Kumbasar [16] using Green's function for approximating the transverse displacements. Stahl and Keer [17] used the Levy-Nadai approach and the homogeneous Fredholm integral equations of the second kind to deal with the free vibration analysis of the cracked rectangular plates. Hirano and Okazaki [19] utilized the Levy solution to investigate eigenvalue problems of the cracked rectangular plates with two opposite edges simply supported. Qian [20] applied a finite element method (FEM) to the free vibration analysis of the square thin plates. Krawczuk [21] presented a finite element model to evaluate the influence of the crack location and its length on the amplitude of the natural frequencies. Su et al. [22] further extended FEM to the free vibration analysis of thin plates with arbitrary boundary conditions. Yuan and Dickinson [23] introduced the artificial springs at the interconnecting boundaries in the ReyleighRitz method to analyze the flexural vibration of rectangular plates. Lee and Lim [24] studied the natural frequency of rectangular plates with the central crack by considering transverse shear deformation and rotary inertia. Also, Liew et al. [25] used domain decomposition method to devise the plate domain into the numerous subdomains around the crack location. Recently, Huang and Leissa [26] utilized the famous Ritz method with special displacement functions to take into account the stress singularity near the crack tips.
Almost researches focused on considering thin homogenous plates based on the classical plate theory (CPT). However, to produce accurately the natural frequency of moderate and thick anisotropic plates the transverse shear deformation needs to be taken into account. According to author's knowledge, there are a few publications in the free vibration analysis of cracked plates regarding the transverse shear deformation. Bachene et al. [27] ultilized the extended finite element method (XFEM) to analyze the free vibration of cracked rectangular plates based on the first-order shear deformation theory (FSDT). However, they only used Heaviside function for discontinuous enrichment and ignored the asymptotic functions in approximation of singular field near the crack tips. Natarajan et al. [28] extended XFEM to the dynamic analysis of FGM plates. FSDT is simple to implement into the existing codes and is applicable to both thick and thin FGM plates. However, the accuracy of solutions will be strongly dependent on the shear correction factors (SCF) of which their values are quite dispersed through each problem, e.g. SCF is equal to 5/6 in Ref. [29] , π 2 /12 in Ref. [30] or a complicated function derived from equilibrium conditions [31] . Huang et al. [32] used the Ritz method and the Reddy's third-order shear deformation theory (TSDT) to obtain the free vibration solution of FGM thick plates with side cracks. Yang et al. [33] studied the nonlinear dynamic response of the cracked FGM plates based on TSDT using the Galerkin method. Recently, Huang et al. [34] employed three-dimensional elasticity theory to study the free vibration of cracked rectangular FGM plates.
In this paper, we present the higher-order shear deformation theory (HSDT) for modeling cracked FGM plates. It is worth mentioning that this model requires C 1 -continuity of the generalized displacements leading to the second-order derivative of the stiffness formulation which causes some obstacles in standard C 0 finite formulations. Fortunately, it is shown that such a C 1 -HSDT formulation can be easily achieved using a NURBS-based isogeometric approach [35, 36] . In addition, to capture the discontinuous phenomenon in the cracked FGM plates, the enrichment functions through the partition of unity method (PUM) originated by Belytschko and Black [37] are incorporated with NURBS basic functions to create a novel method as so-called eXtended Isogeometric Analysis (XIGA). XIGA has then been applied to stationary and propagating cracks in 2D [38] , plastic collapse load analysis of cracked plane structures [39] and cracked plate/shell structures [40] . Herein, our study focuses on investigating the vibration of the cracked FGM plate with an initial crack emanating from an edge or centrally located. Several numerical examples are given to show the performance of the proposed method and results obtained are compared to other published methods in the literature.
The paper is outlined as follows. The governing equation for FGM plate based on HSDT model is introduced the next section. In section 3, an incorporated method between the enrichment functions through PUM and IGA-based NURBS function are used to simulate the cracked FGM plates.
Numerical results and discussions are provided in section 4. Finally, the article is closed with some concluding remarks.
Governing equations for functionally graded plates

Functionally graded material
Functionally graded material is a composite material which is created by mixing two distinct material phases. Two mixed materials are often ceramic at the top and metal at the bottom as shown in Figure 1 . In our work, two homogenous models have been used to estimate the effective properties of the FGM include the rule of mixture [4] and the Mori-Tanaka technique [41] . Herein, the volume fraction of the ceramic and metal phase is described by the following power-law exponent function
where subscripts m and c refer to the metal and ceramic constituents, respectively. Eq. (1) implies that the volume fraction varies through the thickness based on the power index n. 
where c P and m P denote the material properties of the ceramic and the metal, respectively, including the Young's modulus E, Poisson's ratio ν and the density ρ.
However, the rule of mixture does not consider the interactions among the constituents [42] . So, the Mori-Tanaka technique [41] is then used to take into account these interactions with the effective bulk and shear modulus defined using the following: 
where 1 ( 9 8 
General plate theory
To consider the effect of shear deformation directly, the generalized five-parameter displacement field based on higher-order shear deformation theory is defined as [43] , exponential function by Karama [44] , sinusoidal function by Arya [45] , fifth-order polynomial by Nguyen [46] and inverse tangent functions by Thai [47] as shown in Figure 3 . In this work, we consider the third-order shear deformation theory (TSDT) [43] because of simplicity by setting 
As known, FSDT model requires a shear correction factor (SCF) to rectify the unrealistic shear strain energy part. In this study, SCF is fixed at 5/6.
The strains of the mid-surface deformation are derived from Eq. (5) as
where
, ,
As observed from Eq. (7), the shear stresses vanish at the top and bottom surfaces of plate.
Using the Hamilton principle, the weak form for free vibration analysis of a FGM plate can be expressed as:
the material matrices are given as
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Herein, the mass matrix m is calculated according to consistent form as follow 
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and
3. An extended isogeometric cracked plate formulation
B-Spline/NURBS basic functions
Let ( ) ( ) ( ) 
It is clear that B-spline function is recovered when the individual weight of control point A ζ is constant.
Extended isogeometric finite element method
The basic idea is that enriched functions to capture the local discontinuous and singular fields are enhanced in the standard approximation as follow [37] : crack tip enriched control points as shown in Figure 5 . Furthermore, the enriched functions determined specifically for each domain will be shown next. Figure 5 . Illustration of the nodal sets S c , S f for a quadratic NURBS mesh.
Cracked plate formulation based on HSDT
To describe the discontinuous displacement field, the enrichment function is given by
where the Heaviside function is defined as (21) in which x* is projection of point x on the crack path, and n is the normal vector of crack at point x*.
Because the Heaviside function is a step function, its derivative equals to zero [27, [38, [40] . Thus, the first derivative of Heaviside enrichment function is in the following form ( )
Similarly, the second derivative of Heaviside enrichment function is expressed as
Let consider the one-dimensional domain discretized into three elements as illustrated in Figure 6 . ( )
in which r and θ are polar coordinates in the local crack tip coordinate system. ( ) ( ) ( ) ( )
in which the unknown vector q contains both displacements and enriched DOFs, and
where B std and B enr are the standard and enriched strain matrices of B defined in the following forms:
, , 1 
where R can be either the NURBS basic functions ( ) R ξ or enriched functions enr R .
Substituting Eq. (7) with relation in Eq. (26) into Eq. (9), the formulations of free vibration problem can be rewritten as follow:
where ω + ∈R are the natural frequency and the global stiffness matrix K is given by:
The global mass matrix M is expressed as: (31) in which 
It is observed from Eq. (30) that the shear correction factors are no longer required in the stiffness formulation. Furthermore, it is seen that 1 b
B contains the second-order derivative of the shape function. Hence, it requires C 1 -continuous approximation across inter-element boundaries in the finite element mesh. This is not a very trivial task in standard finite element method. In attempts to address this difficulty, several C 0 continuous elements [52] [53] [54] were then proposed. Alternatively, Hermite interpolation function with the C 1 -continuity was added to satisfy specific approximation of transverse displacement [55] . They may produce extra unknown variables leading to an increase in the computational cost. It is now interesting to note that our present formulation based on NURBS basic functions satisfies naturally continuous condition from the theoretical/mechanical viewpoint of FGM plates [56, 57] . In our work, the basic functions are C p-1 continuous. As a result, as 2 p ≥ , the present approach ensures C 1 -requirement in approximate formulations based on the higher order shear deformation theory.
Results and discussions
In this section, we study the natural frequency of the FGM plates with two kinds of crack: a center crack and an edge crack. Herein, ceramic-metal functionally graded plates of which material properties given in Table 1 are considered. We exploit cubic basis functions for almost numerical examples, except a circular plate problem that quadratic basis functions are also used. Herein, present method employes a full integration of ( 1) ( 1) p q + × + Gauss points for the standard elemtents and a subtriangles technique [38] for the enriched elements. The results, unless specified otherwise, are normalized as 
Center crack plate
Let us consider an isotropic plate with dimension L W h × × having a center crack length a as shown in Figure 7a . The plate having fully simply supported is discretizing in 21x21 cubic elements as plotted in Figure 7b . Firstly, the relation between the first five natural frequencies and the lengthto-thickness ratio L/h of an intact plate is shown in Figure 8 . Herein, increase in L/h ratio makes the obtained natural frequencies from the thick plate theories such as: FSDT and TSDT increase accordingly and converge to CPT results by Leissa [51] . While the TSDT (Figure 8(b) ) produces the well matched results with thin plate frequencies, a significant decrease in accuracy is observed from the FSDT (Figure 8 (a)) for extremely thin plate (L/h>1000). The phenomenon may be attributed to the shear-locking of the FSDT plate model for very thin plates. As seen, with the ratio L/h=100, the present model gains consistent values as compared to the thin plate theory within less than 0.5% of error. As take into account the crack, Table 2 Ritz method by Huang [34] . Herein, the same observation is that increase in the length-to-thickness ratio makes the plates become thinner and the results reach to CPT solutions by Stahl and Keer [17] and Liew [25] . In case of very thin plate (L/h=100), the present model using thick plate theory also yields highly consistent results with lower than 1% error. Thus, for comparison with thin plate results, the length-to-thickness ratio L/h=100 is used for computing. Next, Table 3 tabulates a convergence study of the first five natural frequencies ω of the thin plate. It is observed that within thick plate theories such as FSDT and TSDT, present method gains good accuracy with slight lower results as compared to that of CPT [17, 25] with very small errors less than 0.18% for the intact plate and 0.96% for the crack one, respectively. Using mesh of 21x21 cubic elements, the relation between non-dimension frequencies ω and crack length ratio is reported in Table 4 . The results obtained from XIGA are in good agreement with those CPT solution by Stahl [17] using Levy-Nadia approach, Liew et al. [25] using the domain decomposition method, that of 3D elasticity [34] and Mindlin plate theory [58] using Ritz method. In addition, the comparison of first five frequencies with CPT results is depicted in Figure 9 . It reveals that the frequencies decrease via increase in crack length ratio. Figure 10 ), is much more affected by the crack length. The discontinuous displacement is shown clearly along the crack path. 3D-elasticity theory [34] , and (**)
Mindlin plate theory [58] The relative errors compared with CPT's solution [17] are shown in parenthesis. Finally, the effect of length to thickness ratio L/h on the frequencies of Al/Al 2 O 3 FGM plate is shown in Figure 11 . In this example, the material properties are calculated by two homogenization schemes including the rule of mixture and the Mori-Tanaka scheme with the power index n = 1 according to Eqs. (2) and (4). For inhomogeneous materials, the effective property through the thickness of the former is higher than the latter one. The results from the Mori-Tanaka scheme hence are lower than that of the counterpart because of lower stiffness. Moreover, the value of natural frequency changes rapidly between thick plate (L/h =2) and moderate thin plate (L/h =50) with discrepancy up to 57.2% and 71.3% via the rule of mixture and the Mori-Tanaka scheme, respectively. However, for thin plates (L/h≥100), it is independent on the length to thickness ratio with approximated difference up to 1% due to naturally shear-locking free by the present plate theory. 
Edge cracked plate
Let us consider a square plate with uniform thickness h and length L, respectively. The FGM plates containing a crack side from the left edge with length a, is discretized into 21x21 cubic NURBS elements as shown in Figure 12 . Herein, the variation of material properties through the plate thickness is evaluated as the rule of mixture given by Eq. (2). Table 5 
Circular and annular plates with a center crack
We study circular and annular plates with uniform thickness h, outer radius R and inner one r as shown in Figure 13 . The Al/Al 2 O 3 FGM plate is clamped at the outer boundary and has a center crack with length ( ) / 2 a R r = − . Here the Mori-Tanaka homogenization scheme is used. Figure 13 . The model of an annular plate.
By setting the inner radius r = 0, the geometry model becomes the clamped circular plate with the central crack length 2a shown in Figure 14a . The geometry of circular plate is described exactly in Figure 14b with only one quadratic element corresponding to 9 control points which its coordinates are given in Table 7 . Note that the value of the individual weight ζ A associated with these control points is provided to model exactly the curved geometry of the circular plate at the coarsest mesh level. The reference solution of this problem is not available. The present method is compared relatively with the XFEM [50] . Note that XFEM incorporated with the FSDT employes the selective integration technique in order to enhance the results [18] . The computed frequency parameters Figure 15 . Both XFEM and XIGA solutions reduce monotonically when increasing number of degrees of freedom. As expected, the XIGA produces lower frequencies than the XFEM. Table 8 shows the effect of the power index n on the first five natural frequencies. Observation is again that the frequency parameter decreases according to increase in value of n from 0 to 10. It is also seen that there is a bit difference between those elements. It may be caused by: (1) geometric error due to curved geometry is exact description by XIGA based on NURBS instead of the approximation in XFEM; (2) approximated order: XIGA utilizes NURBS with higher order functions than XFEM using bilinear Lagrange functions. Furthermore, in XIGA, cubic basis functions (p=3) gains less results than quadratic basic functions (p=2). It is believed that with higher order approximated function, cubic elements produce better results. This conclusion has been previously confirmed in [56] . Error! Reference source not found. plots the fundamental mode shapes of the circular plate. Using NURBS functions, the curved boundary of the circular plate is still described exactly. XIGA uses a mesh of 31x31quadratic (or cubic) NURBS elements.
Finally, as the inner radius r ≠ 0 we have the full annular plate shown in Figure 13 . Because of symmetry, an upper haft of plate has been modeled in Figure 16 with the symmetric constraint: displacement along y-direction equals to zero at y = 0. Based on Eq. Table 9 shows the frequency parameter of the annular Al/Al 2 O 3 plates via outer radius to inner radius ratio R/r and radius to thickness ratio R/h according to n=1. It is concluded that the frequency parameters decrease sequentially by increasing inner radius to outer radius ratio r/R. To enclose this section the first four mode shapes of annular FGM plate are depicted in Figure 17 . 
Conclusions
In this paper, a novel and effective formulation based on combining XIGA and HSDT has been applied to dynamic analysis of the cracked FGM plates. The present method utilizing NURBS basis functions allows us to achieve easily the smoothness with arbitrary continuous order compared with the traditional FEM. Consequently, it naturally fulfills the C 1 -continuity of HSDT model which is not dependent on dispersed SCF. Furthermore, the special enrichment functions are applied to describe the singularity behaviors of the cracked plates. The obtained results in excellent agreement with that from analytical and numerical methods in the literature demonstrate that XIGA is an effectively computational tool for vibration analysis of the cracked plates.
It is also concluded that magnitudes of the natural frequency decrease via increase in crack length ratio. They change dramatically according to anti-symmetric mode through the y-axis which is perpendicular with crack path.
Herein, two homogenous models based on exponent function of n have been used to estimate the effective property of the FGM plates include the rule of mixture and the Mori-Tanaka technique. It can be seen that, increasing power index n leads to a reduction of frequency parameter of the FGM plates. In addition, to consider the interactions among the constituents, the Mori-Tanaka homogenization scheme gains lower frequency value than the rule of mixture.
Besides, study the benchmarks in rectangular geometry for purpose of comparison, extensive studies was conducted to concentrate in circular and annular FGM plates. It is believed that XIGA with non-geometric approximation can be very promising to provide the good reference results for vibration analysis of these plates with curved boundaries.
